Abstract. The first aim of this note is to give a concise, but complete and self-contained, presentation of the fundamental theorems of Mori theory-the nonvanishing, base point free, rationality and cone theorems-using modern methods of multiplier ideals, Nadel vanishing, and the subadjunction theorem of Kawamata. The second aim is to write up a complete, detailed proof of existence of flips in dimension n assuming the minimal model program with scaling in dimension n − 1.
Introduction
Our first aim in this note is to give a concise, but complete and selfcontained, presentation of the fundamental theorems of Mori theorythe nonvanishing, base point free, rationality and cone theorems-using modern methods of multiplier ideals, Nadel vanishing, and the subadjunction theorem of Kawamata. We also give the basic definitions of log terminal and log canonical singularities of pairs, and spell out the minimal model program. We hope that the text can be used as a fast introduction to the field for those who wish quickly to master the foundations and equip themselves to do research. The approach here is not, at heart, different from the traditional one, but it is more efficient and it allows one to focus attention on the basic issues without being 1 distracted by the technicalities. It also serves as a demonstration of the power of multiplier ideals, which play a crucial role in the most recent advances in the field, and the subadjunction theorem, which is a beautiful and increasingly central result.
We briefly sketch the key point as it arises in the proof of the base point free theorem. Let X be a nonsingular projective variety over C, and L a nef divisor on X. Assuming that L − εK is ample for all small ε > 0, we want to show that all large multiples nL are base point free. The first step is to construct an effective Q-divisor D ∼ mL (for some m) such that the pair (X, D) is not klt. For large n, we write nL = K + D + A, where A is ample. If c is largest such that (X, cD) is log canonical, then we write
where A ′ = A + (1 − c)D is still ample. Now, if cD contains a divisor S with multiplicity 1, then we may assume by induction on the dimension-and working with the pair (S, cD |S )-that all large multiples nL |S are base point free; standard vanishing theorems then imply that H 0 (X, nL) → H 0 (S, nL |S ) is surjective, and we get the result. In general, the pair (X, cD) has some non-klt centres but they may all have higher codimension. The traditional approach is to blow up until one of the centres becomes a divisor (in fact, one blows up indiscriminately to a log resolution of everything in sight). Instead, in these notes, we use multiplier ideals, Nadel Vanishing, and the subadjunction theorem of Kawamata, to work directly on X and lift sections from a minimal non-klt centre W ⊂ X of the pair (X, cD).
Our second aim is to write up a complete, detailed proof of existence of flips in dimension n assuming the minimal model program with scaling in dimension n − 1. Our proof is closer in spirit to some of Shokurov's original arguments in [Sho03] than to the treatment of [HM05] and, especially, [HM08] . Our aim is to present as robust a proof as possible. In short, we proceed as follows. The starting point is a pl flipping contraction f : (X, S + B) → Z:
• X is n-dimensional and the pair (X, S +B) has plt singularities;
• f is a flipping contraction for K + S + B;
• S is non-empty and f -negative.
The aim is to construct the flip of f by showing that the canonical algebra
is finitely generated. Shokurov's great insight was to suggest that we can do this by showing that the restricted algebra
is finitely generated. (R is an algebra of rational functions and we get R S by restricting those rational functions to S.) We develop Shokurov's language of b-divisors to make sense of the statement that R S is a bdivisorial algebra. We then show that R S enjoys two key properties:
(1) R S is an adjoint algebra-this notion comes from a further major insight of Hacon and M c Kernan and the proof of this fact uses their important lifting lemma; (2) R S is saturated in the sense of Shokurov. Using these two properties, and the minimal model program with scaling in dimension n − 1, we can then show that R S is finitely generated. Our argument is robust in the sense that the two key propertiesadjointness and saturation-are treated as separate issues and proved independently of each other.
This note is a cleaned-up version of AC's lectures at the Summer School in Grenoble Geometry of complex projective varieties and the minimal model program 18 June-06 July 2007. We thank the organisers of that very successful event for providing an ideal setting and a comprehensively positive atmosphere.
It is our pleasure to acknowledge the influence of Robert Lazarsfeld on the point of view endorsed in these notes. It was he who re-iterated Kawamata's suggestion that a more transparent proof of the fundamental theorems of Mori theory is possible based on multiplier ideals and the subadjunction theorem. We especially thank Alex Küronya for his careful reading of earlier versions of these notes and his useful comments. We also thank Christopher Hacon and Sándor Kovács.
We tried hard to chase down and remove mistakes from the text; please accept our apologies for those that must inevitably be still around.
Basic definitions and results
Notation 2.1. All varieties in this paper are proper, irreducible and normal over C. We mostly work with projective varieties. We write ∼ for linear equivalence of Weil divisors and ≡ for numerical equivalence of Cartier divisors. On a variety X, WDiv(X) denotes the group of Weil divisors, Div(X) the group of Cartier divisors and Pic(X) = Div(X)/ ∼. Subscripts denote either the ring in which the coefficients of divisors are taken or that the equivalence is relative to a specified morphism. An ample Q-divisor A is general if kA is a general member of the linear system |kA| for some k ≫ 0.
Definition 2.2.
1. A log pair (X, ∆) consists of a variety X and a divisor ∆ ∈ WDiv(X) R such that K X + ∆ is R-Cartier. 2. A pair (X, ∆) is log smooth if X is nonsingular and Supp ∆ has simple normal crossings.
Pairs first arose through the study of open varieties (Iitaka program).
If U is quasi-projective, and if X is a compactification of U such that ∆ = X \ U has simple normal crossings, then the ring 
′ → X define the same geometric valuation if and only if the induced birational map Y Y ′ is an isomorphism at the generic points of E and E ′ . The centre of a geometric valuation ν on X associated to a divisor E on a model f : Y → X is denoted by c X ν = f (E). A geometric valuation ν is exceptional when codim X (c X ν) ≥ 2. We often identify a geometric valuation ν and the corresponding divisor E. 
where E runs through geometric valuations with centre on X. Two b-divisors are linearly equivalent if they differ by the b-divisor of a nonzero rational function.
Proof. Since N Y = f * N X +E for some effective and exceptional divisor E, we have
Cartier restriction. Let D be a Cartier b-divisor on X and let S be a normal prime divisor in X such that S ⊂ Supp D X . Let f : Y → X be a log resolution of (X, S) such that D descends to Y . Define the restriction of D to S as
) * that does not depend on the choice of log resolution. By definition, D |S is a Cartier b-divisor that satisfies
2. The discrepancy A(X, ∆) of the pair (X, ∆) is
3. For a geometric valuation E on X, the discrepancy of E with respect to (X, ∆) is a(E, X, ∆) = mult E A(X, ∆).
Definition 2.8. Let (X, ∆) be a pair and let D be an R-Cartier divisor on X. The multiplier ideal sheaf associated to (X, ∆) and D is
Remark 2.9. We obviously have J ((X, ∆); D) = J ((X, ∆ + D); 0). When no confusion is likely we write J (∆) = J ((X, ∆); 0).
Theorem 2.10 (Local vanishing).
Let f : Y → X be a log resolution of a pair (X, ∆). Then
Proof. If X is projective, consider an ample divisor A such that for m ≫ 0, the divisors mA − ∆ are ample, the sheaves
are globally generated (when non-zero ), and
for all j > 0 and i ≥ 0. The Leray spectral sequence and KawamataViehweg vanishing yield
In particular, the sheaves
are zero because they are globally generated, and thus
For the non projective case, see [Laz04, Theorem 9.4.1].
Theorem 2.11 (Nadel vanishing). Let L be a Cartier divisor on X such that L − (K X + ∆) is nef and big. Then
for all i > 0.
Proof. Let f : Y → X be a log resolution of (X, ∆). The Local vanishing theorem states that
for i > 0; the Leray spectral sequence and Kawamata-Viehweg vanishing imply
The following result is a characterisation of big divisors.
Definition-Lemma 2.12 (Kodaira's Lemma). Let D be a Cartier divisor on a projective variety X of dimension n. The divisor D is big if one of the following equivalent conditions holds:
1. There exists C > 0 such that h 0 (X, kD) > Ck n for k ≫ 1. 2. For any ample divisor A on X, there exists m ∈ N and an effective divisor E on X such that mD ∼ A + E. If D is nef, D is big if and only if one of the following conditions holds:
We recall some definitions of singularities of pairs.
Definition 2.13.
for every exceptional geometric valuation E on X; in particular ⌈∆⌉ is reduced and it can be proved that the connected components of ⌈∆⌉ are normal.
Definition-Lemma 2.14. Let (X, ∆) be a lc pair. 1. The non-klt locus of (X, ∆) is
2. A non-klt centre is the centre W of a geometric valuation such that W ⊂ nklt(X, ∆); therefore J (∆) ⊂ I W .
3. A non-klt centre W is isolated if for any geometric valuation E on X such that a(E, X, ∆) = −1, c X E = W . A non-klt centre W is exceptional if it is isolated and if there is a unique geometric valuation E on X with a(E, X, ∆) = −1. 4. If W is an isolated non-klt centre, J (∆) = I W .
Proof. Let W be an isolated non-klt centre and let f : Y → X be a log resolution. Then ⌈A(X, ∆) Y ⌉ = −E + A, where E and A are effective, each component of E maps onto W and A is f -exceptional. Thus
Remark 2.15. Let f : Y → X be a log resolution of (X, ∆) and for 1 ≤ i ≤ m, let E i ⊂ Y be the geometric valuations on X with a(E i , X, ∆) = −1. The non-klt centres of (X, ∆) are precisely the images f (∩ i∈N E i ) for N ⊂ {1, . . . , m}. In particular, for any x ∈ nklt(X, ∆), there is a well defined minimal non-klt centre through x. 
Proof. We show how to make the non-klt centre W isolated. Let f : Y → X be a log resolution of the pair (X, ∆ + D). We write
Since (X, ∆ + D) is lc and (X, ∆) is klt, a i ≥ −1, a i + b i > −1 and hence a i + εb i > −1 for all ε > 0. Let Z be a Cartier divisor such that W is the only non-klt centre contained in Supp Z and let D 0 be a general member of the linear system |pA − Z| for a large p. Consider a Q-divisor
, where we may assume that f is a log resolution
The pair (X, ∆ + (1 − ε)D + ηD ′ ) is lc if and only if
for all i. If a i > −1, this holds for all sufficiently small ε, η > 0. If
By construction, the pair (X, ∆ + (1 − ε)D + ηD ′ ) is log canonical and W is an isolated non-klt centre.
The 
for some divisor B S on S such that the pair (S, B S ) is klt.
Remark 2.20. Our notation is not the same as the one used in [KM98] , where B S is called the different and denoted Diff(B).
Definition 2.21. Let (X, ∆) be a pair and let x be a point in X. The log canonical threshold of (X, ∆) at x is lct(∆; x) = sup{c ∈ R : (X, c∆) is lc in the neighbourhood of x}.
Non-Vanishing, Basepoint Free and Rationality theorems
We present the Minimal Model Program (MMP) in a relative setting, that is, given a birational projective morphism f : X → Z we consider the MMP over Z. The motivation for this is clear when, for example, X has a fibration structure over Z. 
where the (K X + ∆)-negative extremal rays R i are spanned by the classes of C i and are locally discrete in NE(X/Z) K X +∆<0 .
There is a morphism ϕ : X → X ′ that is characterised by:
an effective curve is contracted by ϕ if and only if its class belongs to R.
The morphism ϕ is the contraction of R.
Remark 3.3. These two theorems hold for lc pairs [Amb03] . Remark 3.5. The Zariski counterexample [Zar62] shows that the Basepoint Free theorem does not hold for dlt pairs when pL − (K X + ∆) is assumed to be nef and big. It does hold however when pL − (K X + ∆) is ample.
Corollary 3.6. Let ϕ : X → Y be the contraction of an extremal ray R. The sequence
is exact, where the last map in the sequence is multiplication by a fixed curve C whose class belongs to R. If L · C = 0, then |nL| is basepoint free.
Definition-Lemma 3.7. Let (X, ∆) be a Q-factorial dlt pair, and let ϕ : X → Y be the contraction of a (K X + ∆)-negative extremal ray R.
then ϕ is a flipping contraction.
Proof. The only thing there is to prove is that in the second case, if E ⊂ Exc(ϕ) is a prime divisor, then E = Exc(ϕ). Let C be any curve that is contracted by f . As the class of C belongs to R, E · C < 0 by Lemma 3.9, and C ⊂ E.
Remark 3.8. If ϕ : X → Y is a small extremal contraction, Y is not Q-factorial. In higher dimensions, a surgery operation in codimension 2 is necessary to proceed with the MMP. This operation is the flip of ϕ; it is defined in Section 4.
where H is f -nef and D is an effective divisor that has no common components with E. Then all
The following result is the first step in proving Theorem 3.4. 
Proof. The proof is by induction on
We may assume that pL − (K X + ∆) is ample and that ∆ is a Qdivisor. Indeed, Definition-Lemma 2.12 shows that there is an effective divisor E such that for all 0 < ε ≪ 1, pL − (K X + ∆) − εE is ample, and (X, ∆ + εE) is klt since (X, ∆) is.
If L is numerically trivial, by Kawamata-Viehweg vanishing
and the linear series |nL| is non-empty for all n ≥ 0. Assume that L is not numerically trivial. First, we show that for
where A is an ample divisor and the pair (X, ∆ + A) is not klt. Let C be a curve such that
therefore the intersection number
tends to infinity with q. By Riemann-Roch and Kawamata-Viehweg vanishing, for q ≫ 0,
If x ∈ X is a nonsingular point, a parameter count shows that there is a section D q,n ∈ |n(qL − (K X + ∆))| with mult x D q,n ≥ (d + 1)n for q, n sufficiently large. Fix one such pair q, n and denote
and consider a minimal non-klt centre W of (X, ∆+cA). By Lemma 2.16, we may assume that W is an exceptional non-klt centre of (X, ∆ + cA).
For 0 < ε ≪ 1,
and Theorem 2.17 shows that
where (W, ∆ W ) is a klt pair. As qL |W is nef and qL |W − (K W + ∆ W ) is ample, by induction |qL |W | = ∅. The non-klt centre W is exceptional, therefore by Definition-Lemma 2.14, J ((X, ∆); cA) = I W . By Nadel vanishing,
for i > 0. The long exact sequence in cohomology associated to
, so the linear series |qL| is non-empty.
Remark 3.11. When working with klt pairs, one can apply Kodaira's Lemma to replace nef and big divisors with ample ones. However, this no longer holds in the context of dlt pairs.
Proof of Theorem 3.4. By Theorem 3.10, the linear system |nL| is nonempty for n ≫ 0; we now show that |nL| is in fact basepoint free for n ≫ 0. As is explained in Remark 3.11, we may assume that pL − (K X + ∆) is ample.
For a positive integer n, since Bs |n u L| ⊂ Bs |n v L| when u > v, the Noetherian condition shows that the sequence Bs |n u L| stabilises. Denote by B n its limit. If B p = B q = ∅ for two relatively prime integers p and q, then Bs |p u 0 L| = Bs |q v 0 L| = ∅. Since every n ≫ 0 can be written as a non-negative linear combination of p u 0 and q v 0 , |nL| is basepoint free.
Assume that there is an integer m such that B m = ∅. By taking a multiple of L, we may assume that B m = Bs |mL| = Bs |m e L| for all e ≥ 1. Let D be a general section of |mL|.
Define c = inf{t ∈ R : (X, ∆ + tD) is not klt} > 0, so that the pair (X, ∆ + cD) is strictly lc. Note that c ≤ 1 because D is an integral divisor.
We choose an appropriate minimal non-klt centre of (X, ∆ + cD) as follows. If there is a minimal non-klt centre W of codimension at least 2, then W ⊂ Bs |mL|. If all minimal non-klt centres are of codimension 1, note that c = 1 and that every component of D is a minimal non-klt centre. Let W be a component of D that intersects Bs |mL|.
By Lemma 2.16, we may assume that W is an exceptional non-klt centre of the pair (X, ∆ + cD) and therefore J (X, ∆ + cD) = I W by Definition-Lemma 2.14.
Since L is nef we have
where A is an ample Q-Cartier divisor. Then
where A ε = (1−c)D+(1−ε)A is ample for ε sufficiently small. Theorem 2.17 then gives
As in the proof of Theorem 3.10 the map
is surjective, and therefore Bs |qL| ∩ W = Bs |qL |W |. But by induction on the dimension Bs |qL |W | = ∅ and that is a contradiction.
Remark 3.12 (Effective basepoint free theorem [Kol93] ). Under the hypotheses of Theorem 3.4, one can show that there is a positive integer m that depends only on dim X and p such that |nL| is basepoint free for n ≥ m.
The following lemma will be used in the proof of the Rationality theorem.
Lemma 3.13 ([KM98]). Let P (x, y) be a non-trivial polynomial of degree at most n. Fix a positive integer a and a positive real number ε. Assume that P vanishes for all sufficiently large x, y ∈ N such that 0 < ay − rx < ε for some r ∈ R. Then r is rational and if r = u/v with u, v ∈ N and hcf(u, v) = 1, v ≤ a(n + 1)/ε.
Proof. Assume that r is irrational. There are infinitely many pairs (p, q) ∈ N 2 such that 0 < |aq − rp| < ε/(n + 2) and in particular, there is a large integral zero (p 1 , q 1 ) ∈ N 2 of P in that range. Since all pairs (kp 1 , kq 1 ) for 0 ≤ k ≤ n + 1 are also zeroes of P , q 1 x − p 1 y divides P . Repeating the process for n + 1 distinct integral solutions {(p i , q i )} 1≤i≤n+1 of P in the range 0 < |aq − rp| < ε/(n + 2) yields a contradiction. Now write r = u/v with hcf(u, v) = 1. Fix k ∈ N and let (p, q) ∈ N 2 be an integral solution of
The degree of P is bounded by n, hence there are at most n such values of k and a(n + 1)/v ≥ ε.
Theorem 3.14 (Rationality theorem). Let (X, ∆) be a klt pair such that K X + ∆ is not nef and let a > 0 be an integer such that a(K X + ∆) is Cartier. Let H be a nef and big Cartier divisor and define:
Then there are positive integers u and v such that r = u/v and
Proof. We follow closely the proof given in [KM98] .
Step 1. We may assume that the divisor H is basepoint free. Indeed, Theorem 3.4 shows that for m ≫ 0 and for some c, d
If the denominator of r(H ′ ) is v ′ , the denominator v of r(H) divides mcv ′ . Since c and m can be chosen arbitrarily large, v divides v ′ and 0 < v ≤ v ′ < a(dim X + 1).
Step 2.
Observe that for p, q sufficiently large and such that 0 < aq − rp < ε, the sets L(p, q) stabilise. This follows from the Noetherian condition
. Denote by L 0 their limit and set
Since |pH + qa(K X + ∆)| is not nef, and in particular not basepoint free, the set L 0 is not empty.
Step 3. Assume that r = r(H) is not rational. Let f : Y → X be a log resolution of (X, ∆). Consider the divisors:
Since ⌈A⌉ is f -exceptional and effective, we have
Let (x, y) ∈ N 2 be such that 0 < ay −rx < 1. Then xD 1 +yD 2 +A−K Y is nef and big, and by Kawamata-Viehweg,
is a polynomial of degree at most dim X and is non-trivial by NonVanishing. By Lemma 3.13, there are arbitrarily large integral points (p, q) ∈ N 2 such that 0 < aq − rp < 1 and P (p, q) = 0. Therefore for all (p, q) ∈ I, |pH + qa(K X + ∆)| is not empty and hence L 0 = X.
Let S be a general section of |pH +qa(K X +∆)|. The pair (X, ∆+S) is not klt; define c = min{t ∈ R : (X, ∆ + tS) is not klt} ≤ 1.
Let W a minimal non-klt centre of the pair (X, ∆+cS). By Lemma 2.16, we may assume that W is exceptional. Nadel vanishing shows that the map
is surjective, where the pair (p ′ , q ′ ) is chosen so that aq ′ − rp ′ < aq − rp. This is a contradiction as in the proof of Theorem 3.4. This proves that r is rational.
Step 4. Let r = u/v, where u, v ∈ N and hcf(u, v) = 1. Assume that v > a(dim X + 1).
Lemma 3.13 with ε = 1 shows that there are arbitrarily large positive integers p, q with 0 < aq − rp < 1 such that P (p, q) = 0. The linear system |pH + qa(K X + ∆)| is not empty for all (p, q) ∈ I. We proceed as in Step 3.
Log terminal and log canonical models
In this section, we define minimal and canonical models of varieties. For pairs, we introduce log canonical and log terminal models.
Definition 4.1. Let f : (X, ∆) → Z be a projective morphism.
1. The pair (X, ∆) is a log terminal (lt) model over Z if it has dlt singularities and if K X + ∆ is f -nef. 2. The pair (X, ∆) is a log canonical (lc) model over Z if it has lc singularities and if K X + ∆ is f -ample.
where ϕ is birational and:
1. g is projective, 2. ϕ −1 has no exceptional divisors, i.e. ϕ is contracting, 
A weak log canonical model is a diagram as in Definition 4.2, satisfying conditions (1 − 4) and (5 ′ ). Proof. Let W be a common resolution of (X, ∆ X ) and (Y, ∆ Y ).
where E runs through divisors on W . The result follows from the Negativity Lemma since q
Definition 4.6. Let (X, ∆) be an lc pair and let f : X → Z be a projective morphism. The canonical ring of (X, ∆) over Z is
Lemma 4.7. Let (X, ∆ X ) be a dlt (respectively klt, lc) pair over Z.
A log terminal (respectively log canonical) model
In particular, there is a unique log canonical model of (X, ∆ X ). 4. Any two log terminal models of (X, ∆ X ) are isomorphic in codimension 1.
Proof. These are consequences of the Negativity Lemma. The main difficulty is to show that discrepancies increase in flips or divisorial contractions of dlt pairs [KM98, Corollary 3.44].
The following definition and lemma resolve the issue raised in Remark 3.8.
Definition 4.8. Let ϕ : (X, ∆ X ) → Z be a flipping contraction, i.e.:
1. ϕ is a small projective morphism, 2. Minimal Model Program (MMP). Let (X, ∆ X ) be a dlt pair over Z. If existence and termination of flips hold, there is a sequence of birational maps
is either a minimal model or a Mori fibre space. The sequence is obtained as in Flowchart 1. Remark 4.15. The MMP can be run for non Q-factorial log canonical pairs (X, ∆ X ), where ∆ X is an R-divisor. The MMP for non Q-factorial klt pairs is discussed in [Fuj07] .
Proof. The morphism g is small because ϕ −1 has no exceptional divisors. We prove that K Y + ∆ Y is g-ample.
Let A be a g-ample divisor on Y and denote A X = ϕ −1 * A. Since X is Q-factorial and f is flipping, A X is Q-Cartier and
where M is a Q-Cartier divisor on Z and λ ∈ Q. Therefore
and λ is non-zero because A is g-ample. The divisor K Y + ∆ Y is g-nef if and only if it is g-ample.
MMP with scaling.
Lemma 4.17 ( [Bir07, Sho06] ). Let (X, ∆+A) be a Q-factorial dlt pair over Z such that K X + ∆ + A is nef. If K X + ∆ is not nef, there is a (K X + ∆)-negative extremal ray R and a real number 0 < λ ≤ 1 such that K X + ∆ + λA is nef and trivial on R.
Proof. Define λ = inf{−(K X + ∆) · Σ/A · Σ} as Σ ranges over curves generating extremal rays of (X, ∆); it is enough to show that λ is a minimum. See [Bir07, Sho06] for a proof.
Definition 4.18. Let (X, ∆ + A) be a Q-factorial dlt pair over Z such that K X + ∆ + A is nef. A (K X + ∆)-MMP with scaling of A is a sequence:
(
where for each index i, A i and ∆ i are the strict transforms of A and ∆ on X i , and
Each ϕ i is a divisorial contraction or a flip associated to a (
The proof of the existence of minimal models for varieties of log general type given in [BCHM06] rests on several theorems; we recall two of them here. Then the set of isomorphism classes of weak log canonical models of (X, ∆) over Z, where ∆ ∈ L A , is finite. Now we are ready to state Special termination with scaling. Proof. The proof follows the ideas in [Sho92, K + 92, Fuj07]. Let f : (X, ∆) → Z be a klt flipping contraction. We assume that Z is affine. In this proof subscripts denote proper transforms.
Step 1. Let π : W → Z be a resolution of Z and let F i be generators of N 1 (W/Z). We may assume that no π(F i ) contains an irreducible component of f (∆). Write Z ′ = Sing Z ∪ Sing f (∆) ∪ f (Exc f ). Note that codim Z Z ′ ≥ 2, and let I Z ′ be the ideal sheaf of Z ′ . Let i : Z → W be a compactification of Z with a very ample line bundle L on W such that L |Z = O Z and F = i * I Z ′ ⊗ L is globally generated. If H is the restriction of a general global section of F to Z, then H is reduced and f * H = H X since f is small. Note that H X and ∆ have no common components. By construction, if ρ : W ′ → Z is any Q-factorial model of Z, the group N 1 (W ′ /Z) is generated by the components of H W ′ and by the ρ-exceptional divisors.
Let h : Y → X be a log resolution of the pair (X, ∆ + H X ) such that f • h is an isomorphism over Z H. Note that all the h-exceptional divisors are components of h * H X . Denote by E i the exceptional divisors of h and let E = E i . The pair (Y, ∆ Y + H Y + E) is Q-factorial and dlt over Z. Consider a very ample divisor A on Y which is general in |A| such that K X + ∆ Y + H Y + E + A is nef. Therefore replacing H by H + (f • h) * A we may assume that K X + ∆ Y + H Y + E is nef.
Step 2. We now run the (K Y + ∆ Y + E Y )-MMP with scaling of H Y . We construct a sequence
where Y 1 = Y , and each χ i is a divisorial contraction or a pl flip. Denote by h i :
is not nef, let R i be an extremal ray as in Lemma 4.17. Let D i be any curve whose class is in R i , in particular
If the contraction associated to R i is small, it is pl flipping. Define χ i : Y i Y i+1 to be the contraction of R i if it is divisorial, or its flip if it is small. Theorem 4.21 shows that after finitely many steps we obtain a pair g : ( Y , ∆Ỹ + EỸ ) → Z such that KỸ + ∆Ỹ + EỸ isg-nef.
Step 3. Consider a common resolution
We have
−1 * E e Y + E p,q + E q , where the divisors E p,q and E p,q are exceptional for p and q, E p is exceptional for p but not for q, and E q is exceptional for q but not for p. Observe that q −1 * E e Y is exceptional for p but not for q.
Y is effective and exceptional for q but not for p. The Negativity Lemma over Z shows that (2) E p,q < E p,q and E p + q −1 * E e Y ≤ 0. Since (X, ∆) is klt, we have ⌈E p ⌉ ≥ 0, and as q −1 * E e Y is reduced, this implies E e Y = 0. In particular, the map g is small and (2) implies that
is a log terminal model of (X, ∆), and by Proposition 4.16 this is the required flip. 
Restricted algebras and adjoint algebras
The rest of the paper is devoted to the proof of Conjecture 4.10 under certain conditions. More precisely, we prove that klt flips exist in dimension n if existence and finiteness of models hold in dimension n − 1. As is explained in Remark 4.11, the existence of flips is local on the base; for the rest of the paper we consider varieties that are projective over affine varieties.
We work with graded algebras of rational functions R = n≥0 R n ⊂ k(X) [T ] , where R 0 is a finitely generated H 0 (X, O X )-algebra.
Definition 5.1. A truncation of R is an algebra of the form R (I) = n≥0 R nI for a positive integer I. We often use the following simple but important lemma without explicit reference.
Lemma 5.2. A graded algebra R is finitely generated if and only if its truncation R
(I) is finitely generated for any I.
for all n, m ≥ 0. Convex sequences are defined similarly.
Observe that if M • is a superadditive sequence of b-divisors, then there are homomorphisms
for all m, n ≥ 0. This justifies the following definition.
Definition 5.4. A b-divisorial algebra on X is the algebra of rational functions
where M • is a superadditive sequence of b-divisors on X. Proof. Assume that for some i, M ik = kM i for all k ≥ 0. Passing to a truncation we may assume that i = 1. Let Y → X be a model such that M 1 descends to Y . Then R = H 0 (Y, iM 1Y ) and the result follows from Zariski's theorem.
Conversely, assume that R is finitely generated. Up to truncation, we may assume that R is generated by H 0 (X, M 1 ). For each j, take a resolution Y j → X such that both M 1 and M j descend to Y j . Since the sequence M • is concave we have
, and the finite generation gives
Setup 5.6. Consider a pl flipping contraction
where S is a prime divisor and ⌊B⌋ = 0. Recall that −(K X + ∆) and −S are π-ample, that X is Q-factorial and ρ(X/Z) = 1.
The flip of f exists if and only if the canonical algebra
is finitely generated.
Remark 5.7. For a Cartier divisor D and a prime Cartier divisor S, let σ S ∈ H 0 (X, S) be a section such that div σ S = S. From the exact sequence
Definition 5.8. The restricted algebra of R(X, K X + ∆) is
Lemma 5.9. Under assumptions of Setup 5.6, R(X, K X +∆) is finitely generated if and only if R S (X, K X + ∆) is finitely generated.
Proof. We will concentrate on sufficiency, since necessity is obvious. By [KMM87, Lemma 3-2-5], numerical and linear equivalence over Z coincide. Since ρ(X/Z) = 1, and both S and K X + ∆ are π-negative, there exists a positive rational number r such that S ∼ Q,π r(K X + ∆). By considering open subvarieties of Z we can assume that S−r(K X +∆) is Q-linearly equivalent to a pullback of a principal divisor.
Let ϕ be a rational function with a zero of order one along S and set
and the rings R(X, D) and R(X, K X + ∆) share a common truncation. As ϕ ∈ H 0 (X, D), it is enough to show that ϕ generates the kernel
Definition 5.10. Let X be a variety that is projective over an affine variety Z. Let ∆ m be an effective concave sequence of Q-b-divisors on X such that each K X + ∆ mX is Q-Cartier, and assume that there is a positive integer I such that mI∆ m is integral for every m.
An adjoint algebra is a b-divisorial algebra
where
Remark 5.11. Any truncation of an adjoint algebra is an adjoint algebra. 
Lifting
is surjective.
Proof. See [HM07] .
Remark 5.13. The assumptions of the Lifting Lemma are birational. The first assumption is related to B being big; in our setting it is not restrictive. The second assumption, however, is difficult to arrange. Example 5.14 shows that the statement cannot be expected to hold without both assumptions being satisfied.
Example 5.14. Let Y be a surface, let T be a nonsingular curve on Y and let E ⊂ Y be a (−1)-curve meeting T at exactly one point P . Denote B = dE, where 0 < d < 1. Let f : Y → X be the contraction of E and let S = f (T ). Then
and
In general, r is not surjective. By (3), E ⊂ Bs |m(K Y + T + B)| and the assumption (2) of the Lifting Lemma is not satisfied.
Definition-Lemma 5.15. Let (X, ∆) be a log pair. There is a bdivisor B = B(X, ∆) on X such that for all models f : Y → X, we can write uniquely
where B Y and E Y are effective with no common components and E Y is f -exceptional. We call B the boundary b-divisor of the pair (X, ∆). For any two divisors P = p i E i and Q = q i E i set
Definition 5.18. Let (X, ∆) be a pair such that I(K X + ∆) is Cartier and the linear system |I(K X + ∆)| is not empty. For a log resolution f : Y → X, let mI(K Y + B Y ) = M mY + F mY be the decomposition into mobile and fixed parts and set
Theorem 5.19. Let (X, ∆) be a log canonical pair such that I(K X +∆) is Cartier and the linear system |I(K X + ∆)| is not empty. Fix a log resolution f : Y → X such that the support of
is simple normal crossings. There is an effective sequence 
and B m is a well-defined b-divisor.
Step 2. Fix Y m as in the assumptions of the Theorem, and let Z m be another log resolution such that M mZm is free. We may assume that there is a birational morphism g m : Z m → Y m such that the support of Fix |g *
Step 3. Let F be a common component of g *
To this end, note that the centre of F on Y m is contained in the intersection of components of B mYm and Fix |mI(K Ym + B mYm )|. We can compute the discrepancy of F on any model. By [KM98, Lemma 2.45], there is a composite ρ n : W n → Y m of n blow ups of the centres of F such that F is a divisor on W n . Let σ : W n → W n−1 be the last blowup and let ρ n−1 : W n−1 → Y m be the composite of the first n − 1 blowups; we can assume c = codim W n−1 σ(F ) > 1. Write ) is log canonical, we have (6) a(F, W n−1 , B
and thus (5) and (6) prove the claim. The following two theorems establish that a truncation of the restricted algebra is an adjoint algebra. 
Proof.
Step 1. We follow the notation set in the proof of Theorem 5.19. 
for some positive integers s and I.
Proof. Every divisor on X is big because π is birational and by Kodaira's lemma B ∼ Q A + C, where A is ample and C ≥ 0. Since π is small, every divisor on X is mobile and we can assume that S is not a component of C. For 0 < ε < 1 we have
and (X, (1 − ε)B + εC + εA) is klt for ε ≪ 1. Replacing A by εA and C by (1 − ε)B + εC we may assume that B = A + C with A ample and C effective, and such that S ⊂ Supp C. Furthermore, if k is an integer such that kA is very ample, we may assume kA is a very general member of the linear system |kA| so that A is transverse to all other relevant divisors. Let f : Y → X be a resolution as in Theorem 5.21. Observe that
, and we will show that R Proof. By Kodaira's Lemma, K X + ∆ ∼ R,f A + C, where A is ample and C is effective. If ∆ ′ = εA + εC + ∆ for 0 < ε ≪ 1, the pair (X, ∆ ′ ) is klt and K X + ∆ ′ ∼ R,f (1 + ε)(K X + ∆). Therefore replacing ∆ by ∆ ′ we may assume that ∆ is big. Let ϕ i : X W i be finitely many weak log canonical models corresponding to the polytope around ∆. Let f : Y → X be a common log resolution of the pair (X, ∆) and of the pairs (W i , (ϕ i ) * ∆) for all i, and denote π i : Y → W i the induced maps. For every m ≫ 0 there is an index i m such that K W im + (ϕ im ) * ∆ m is semiample by Theorem 3.4.
Since W i have rational singularities, by the proof of [Kaw88, Lemma 1.1], the groups WDiv(W i )/ Div(W i ) are finitely generated, and hence finite because each W i is Q-factorial. Therefore, for m ≫ 0 there are positive integers s im such that s im I(K W im + (ϕ im ) * ∆ m ) are Cartier. By Effective Basepoint Freeness, there is a positive integer c such that all
By the Negativity Lemma, for m ≫ 0 we can write
, where E m are effective and exceptional. There is an index i such that i = i m for infinitely many m and therefore the divisor
is nef and thus semiample by Theorem 3.4. 6. Shokurov's saturation condition Definition 6.1. Let (X, ∆) be a log pair, let A = A(X, ∆) and let F be a b-divisor such that ⌈F⌉ ≥ 0.
• An integral mobile b-divisor M on X is F-saturated if there is a model Y → X such that
on all models W → Y . If (X, ∆) is klt and F = A then we say that M is saturated.
• An adjoint algebra R = R(X, N • ) is (asymptotically) F-saturated if there is a model Y → X such that on every log smooth model (W, F W ) over Y , for all i ≥ j > 0 we have
If (X, ∆) is klt and F = A then we say that R is saturated.
Remark 6.2. Any truncation of a saturated adjoint algebra is saturated.
for an effective and f -exceptional divisor E.
We prove that saturated semiample adjoint algebras on curves re finitely generated; this models the proof in higher dimensions. Proof. On a curve b-divisors are just ordinary divisors. Consider an adjoint algebra R = R(X, N • ). Since on an affine curve all linear systems are basepoint free, we have N i = M i = iD i and since A = −∆, the saturation condition reads
This is a componentwise condition, so we can assume that all divisors are supported at a point P ∈ A 1 C . Let ∆ = bP with 0 < b < 1 and In particular if d = u/v with u, v ∈ N, then R (v) = R(A 1 C , uP ) and R is finitely generated.
To prove the claim, first assume that d / ∈ Q; then there is j ∈ N such that {jd} > b and therefore jd j ≤ jd < ⌈jd − b⌉ ≤ jd j , a contradiction. Assume now that jd ∈ Z, then jd j ≥ ⌈jd − b⌉ = jd ≥ jd j , and therefore d = d j . Choose the smallest such j and set l = jd. Then l and j are coprime, so there is k < j such that kl ≡ −1 (mod j). But then if j > q, {kd} = {kl/j} = (j − 1)/j > b and this is a contradiction as above. Proof. By Theorem 4.23 and Remark 4.24, it is enough to prove that the flip of a pl flipping contraction (X, ∆) → Z exists, where S = ⌊∆⌋ is irreducible. Since the problem is local on the base we assume that Z is affine, and therefore it is enough to prove that the canonical algebra R(X, K X + ∆) is finitely generated. By Theorems 5.24, 5.28 and 6.8, a truncation of the restricted algebra R S (X, K X + ∆) is a saturated semiample adjoint algebra, and thus is finitely generated by Theorem 7.2.
